ON THE NUMBER OF DISTINCT PRIME FACTORS OF nj + a h k 
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Abstract. Let w(n) denote the number of distinct prime factors of n. Then for any 
given K > 2, small e > and sufficiently large (only depending on K and e) x, there 
exist at least x 1 ~ t integers n G [x, (1+K~ 1 )x] such that u(nj±a h k) > (log log log x) 3 ~ e 
for all 2 < a < K , 1 < j, k < K and < h < Klogx. 

1. Introduction 

In 1849, Polignac conjectured that every odd integer greater than 3 is the sum of 
a prime and a power of 2. However, 127 is an evident counterexample for Polignac's 
conjecture. In 1950, van der Corput [2] proved that there are a positive proportion 
of positive odd integers not of the form p + 2 h with p is prime and h G N. In fact, 
using covering congruences, Erdos [3] constructed a residue class of odd integers, which 
contains no integers of the form p + 2 h . 

In 1975, using Erdos' idea, Cohen and Selfridge P] found a residue class of odd integers, 
whose every elements can not be representable as ±p a ± 2 . And another example with 
a smaller modulus may be found in [7]. Recently, using Selberg's sieve method, Tao 
[S] proved that for any give integer K > 2, there exist at least c^i/ dog x primes p in 
the interval [x, (1 + K~ 1 )x] satisfying \pj ± a h k\ is composite for every 2 < a < K, 
1 < j, k < K and 1 < h < K log x, where ck is a constant only depending on K. 

Let uj(ri) denote the number of distinct prime factors of n. In 0], Erdos mentioned 
that if there exist incongruent covering systems with arbitrarily large least modulus, then 
for any integer K > 2, the set 

{n > 1 : n is odd and is not of the form q + 2 h with < K and /i G N} 

contains an infinite arithmetic progression. By modifying Tao's discussions, in this paper, 
we shall prove that 

Theorem 1.1. Suppose that K > 2 is an integer and e > is small number. Then 
for sufficiently large (only depending on K and e) x, there exist at least x x ~ e integers 
n G [x, (1 + K^^x] such that u{nj ± a h k) > (log log logs) 3 ~ e for all 2 < a < K, 
1 < j,k < K andO < h < Klogx. 
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The proof of Theorem 11.11 will be given in the next section. And unless indicated 
otherwise, the constants implied by <C, and O(-) only depend on K and e. 



2. Proof of Theorem 11.11 
The following lemma is the well-known Mertens theorem. 
Lemma 2.1 ([6l Theorems 6.6, 6.7, 6.8]). 



t7t P VogxJ 



p<x 
p prime 



p<x 
p prime 

and 

-l 



- = log log x + c 2 + 0[ — J 
^ p \ log a; / 



II f 1 "-) =e 7 logx + 0(l), 



p<£ 
p prime 



where 7 is t/ie Euler constant and ci, c 2 are absolute constants. 
Define 

^0) = p. 



P<2 

p prime 



Lemma 2.2. Suppose that A,B > 100 and z > e 100j4 . Suppose that u is a function 
satisfying 

< w(p) < min{A, (1 - B^p} 

for any prime p. Then 



' < A 2AB W{z) 



where 



G(z) 

u(p) 



g{z) = y. n 



and 



d\&(z) p\d y v ^ 7 
d<z 



p<z 
p prime 



Proof. Define 

d\3»{z) p\d y Vr7 
d<£, 

for £ > 2. Then by the discussions in the proof of [5], Lemma 4.1], for any a < 1, we 
have 

l-W(z)G(£,z)<e Xp (-{l-<T)]ogt+ (^--) UJ (P))- 

^ p<z \P P ' ' 

p prime 

Letting a = 1 — 1/ log z, we get 

y (l-i) U (p)= y ^M( e s-i)<^ y ^ logp < eA. 

\V a V J V log z ^— ' p 

p prime p prime p prime 

Hence 

1 - W{z)G{£, z) < exp ( - l ^ + eA (2.1) 
Letting G = eA + 1, by (IO> . we have 

W(z£)G(z, z^) > 1 - e - c+eA > 1 /2. 

And 

logW(z^) -logW(z) = - V log(l - w(p)/p) < B V ^M<-A£logG. 

z^<p<z z~£ <p<z 

p prime p prime 

Thus 

W(z)G(z, z) > ■ W{zh)G{z, zh) > \c^ AB . 



Hence by (fOl . 



1 < W(z) (1 + . . * exp(-l + eA) ) < A 2AB W(z) 



G{z,z) ~ w V W(z)G(z,*) 

□ 

Let denote the Euler totient function. 

Lemma 2.3. Suppose that W, b > 1 with (W, b) — 1. Suppose that x > 1 and 1 < z < js . 
T/ien 

|{1 < n < x : (Wn + b, 9{z)) = 1}\ « — • 

In particular, 

x W 

\{1 < n < x : Wn + b is prime}] <C • — - — -. 

logx 4>{W) 



Proof. This is a simple application of the Selberg sieve method (cf. [5], Theorems 3.2 and 
4.1]). ' " ' □ 

Lemma 2.4. Suppose that x > 1 and 1 < k < log log x. Suppose that W, b > 1 and 
(W, b) = 1. IfW < X2k and log x < xes, t/ien 

(7 fc a:(logloga;) A: ~ 1 W 
|{1 < n < x : uo(Wn + 6) = fc}| < — 



logx <p(wy 

where C > is a constant. 

Proof. We use induction on k. The case k = 1 easily follows from Lemma [2.31 Suppose 
that k > 2. Then, 

|{1 < n < x : w(Wn + 6) = fe}| 

< \J |{1 < ™ < ^/V* : uj(Wn + b') = k — 1, where 6' satisfies &V* = 6 (mod W)}| 

i<p<x^, pfw 

+ Yl \{l<n<x: Wn + b = (modp a ), ((Wn + b)/p a ,p) = l}\ 
1 

p<z3£, pftf/ 
i 

q>1, p a >a: fc 

+ |{1 < n < x : (Wn + 6, ^(ja)) = 1}|. 



By Lemma [2.31 

|{1 < n < x : {Wn + 6, = HI < ° lX \ T] ( 1 - -) 



for some constant C\ > 0. And 

|{1 < n < x : Wn + 6 = (mod ((Wn + b)/p a ,p) = 1}\ 



p<a;3E, p\W 
1 

a>l, p a >x7c 



<2 > — + > l = O x 1_ fe ^-logx \<c 2 kx 1 -^ 

^ p° ^ V iog(x^) 6 ; - 



1 

«>3, x^<p a <x 



for some C2 > 0. Further, by Lemma [2. 11 for 

y~] — —7- < c 3 log log x 



1 P 

p<X 3fc 
p prime 



for some C3 > 0. Choose C > 2(ci + C2 + C3). Notice that for p a < x* , 

x/p a >xt> m^{W 2{k ~ l \ {\ogx)^ k - 1] } 

and 

— 1 < log log x — 1 = loglog(a>) < loglog(x/p a ). 
So by the induction hypothesis, 

|{1 < n < X , P ° : ,(Wn + V) = * - 1}| < ^'(^W))" . 

IL _ _ 7 v 7 Jl ~ p°log(a;/p Q ) <f>(W) 

Hence, 

|{1 < n < x : c;(H/n + 6) = k}\ 

2C fc - 1 H/x(loglogx) fc - 2 1 2 Cl kx ,2 , 

0(Vv)logx ^— ^ p— 1 <p(M/)logx 

p prime 

^C^rrQoglogrr)^ 1 



□ 



logx 

Now suppose that x is sufficiently large. Let L = |_(logloglog:r)3 _e J + 1 and Q = 
exp((logloga;) 1 ~ e ). Clearly L <C (log log Q) 3 ~ e . Let 

7e = {(a,j',fc,Z) : 2<a<K, l<j,\k\<K, 1 < I < L} 

and M = [16 J f£' 2 J + 1. Clearly M is a constant only depending on if, and ML > 
16K 2 L = 8\TZ\. 

Below we shall choose some distinct primes 

p T;t , r G 71, 1 < t < T r 
in the interval [exp((logQ) *^), Q] satisfying that 

\(logQ)^ <f[(l-—) <ho g Q)^ (2.2) 

2 f = \ V Pr,tJ 2 

for any fixed r E 7Z. And assume that we have chosen primes p r j, 1 < t < T r for some 
r = (a,j, fc, /) G ft. Then for any I C {1, ... , T r }, let 

46/ 

and g ri / be the largest primitive prime factor of a mrJ — 1, i.e., g rj / | a m-r - / — 1 but q r j \ a m — l 
for any 1 < m < m r j. In particular, we set m r> $ = 1. 

5 



First, let p Tjt , r = (2,j,k,l) e 1Z, 1 < t < T r be distinct primes in the interval 
[exp((logQ)^),exp((logQ) 4+ *«- L )] satisfying that 

\{\ogQ)^ < ft (l - — ) < \{\ogQ)^. 

t=l ^ "Pr.tJ 

Suppose that a > 2 and we have chosen distinct prime p r ' jt , 1 < t < T r / in the interval 

[exp((log<5)^ r ), exp((logQ) )] for every r' = (a',j,k,l) G 71 with 2 < a' < a. 

Let 

Wa= II II -!)■ 

r'=(a',j,k,l)en /C{l,...,T r ,} 
2<a'<a 1<|/|<2ML 2 

Clearly 

, / x / T r' \ 2ML? 

fog(Wa) 



E E ^,,< E E 



< 

r'={a',j,k,l)en /C{l,...,T r ,} x r'=(a' ,j,k,l)e1Z t=l 

2<a'<a 1<\I\<2ML 2 2<a'<a 



Pr',t 



<(exp((\ogQ) 4+8i ML K2L ) 2 ) 2ML2 = exp(4ML 2 (log QY 



Thus we get 



wK) < l °^2 ~ e M$ML 2 (log Q)"^ml~ ") < exp((logg) : -^ z - 



by noting that 

ML 



< - ' 4 + 8(a — 1)K 2 L 
log(5ML 2 (logQ) 4^ ) =log(5ML 2 ) + + - J loglogQ 



5 + 8(0-1)^, , ^ 
Furthermore, by the prime number theorem, there exist 

6+8(a-l)if 2 L 5+8(a-l)ix- 2 L 

(1 + o(D) M^j - ^«'°^) „..:; r i) > ex P ((lo g q)-^") 

V (logQ) ML (lOgQ) ML 

i r //i f X 5+8(a-l)-RT 2 -L e- ,v » J. )/% -L 

primes m the interval |exp((log<y) ml j ? exp((log Q) ml JJ 5 by noting that 
clearly exp((logQ)Mr) > 41oglog<5- Notice that 



V 



exp((log Q) WZ )<p<exp((log Q) WZ ) 

p prime 
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and 



n (i-ir>i(io g Q)^. 



exp((log Q) TTZ )<p<exp((log Q) WZ ) 
p prime 

Hence, 

( 1 - - ) > ^ogQ)^n- > (logQ) — 

■ -C- 4+8aif 2 L 

exp((log Q) MZ ) <p<exp((log Q) MX ) 
p prime and p\w a 

Thus we may choose distinct primes p T j, r = (a,j, k,l) E TZ, 1 < £ < T r in the interval 

r //i N 5+8(a-l)if 2 -L 4+8a-R: 2 -L ■ . . . . 

[exp((log<y) ),exp((log<y) «i )J satisfying that p rji f u> a and 



i(iogg)^ < f[ (i - < ^(i og g)^ 



Repeat this process from a = 3 to K, until we complete the choices of p r j, 1 < £ < T r 
for all r G 72. 

Since p r>t f u> a for any r = (a, j, /) G 72 and p r)t | q r j — 1 for any £ G / C {1, . . . , T r } 
with |/| < 2ML 2 , we have gy,/ 7^ g^// for every r' = (a',j,k,l) G 72. with a' < a and 
/' C {1, . . . ,T r /} with with 1 '< |/'| < 2ML 2 . That is, all these g rj7 are distinct. And 
since there are 

(1 + o(l)) ( g^jggg)^ " iQog^) 1 ^) _ exp((logQ)gr; 
V (log Q) ■ i(l g Q) ah; (logQ)^ 

primes in [exp((logQ) a^), exp(|(logQ) I ^ E )], clearly we have T r > (2ML 2 ) 2 . 
For each r = (a, j, fc, Z) G 72, let 

w r = n 9riJ 

and let b r be an integer such that 



jc{i,...,r,} 

1<|/|<2ML 2 



6 r j + a' 7 ' x /c = (mod q r I ) 
for every 7 C {1, . . . , T r } with 1 < \I\ < 2ML 2 . Let 

reTZ 

and let b be an integer such that 

b = b r (mod W P ) 
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for every r G 1Z. Then 

w - n n ( Kmrj - x ) < ^ EreTC(i+pr - i+ - +pr - Tr)2Mi2 < k 2 ^ 3 ^ 4 "" 2 . 

rG^ /C{l,...,T r } 
1<|/|<2ML 2 

Since 

log log W < log(2fT 2 L) + 4ML 2 log Q < (logloglog:r)§- 2e • (log log a;) 1-6 , 
we have W < x^ provided that x is sufficiently large. Let 

5 = {x < n < (1 + K^x : n = b (mod W)} 

and 

T = {n e 5 : cj(nj + a h k) < L for some 2 < a < K, 1 < j, \k\ < K, < h < K \ogx}. 
For any r G 71, let 7i r be the set 

{0 < h < Klogx : /i ^ |J|-1 (modm r)/ ) for any I C {l,...,T r } with 1 < |J| < 2ML 2 }. 
The following lemma is the key of our proof. 
Lemma 2.5. 

(16ML 2 ) 8 ^ 4 (loglogQ) 4 ^ 4 

(logQ)2 L - K ^X. 

Proof. Suppose that h G 7i r . Clearly, by the pigeonhole principle and the definition of 
7i r , we have 

|0 G {1, . . . , T T } : {h}^ < 2ML 2 }\ < (2ML 2 ) 2 , 
where {h} p denotes the least non-negative reside of h modulo p. Therefore 

H r C (J {1 < /i < IHog x : h = c (mod m r ,j), ( [J (/i-s),mj) = 1}, 

JC{l,...,T r } 0<s<2ML 2 -l 
0<|J|<(2ML 2 ) 2 
ceCj 

where 

1 Tr 

m j = TT^ r * 

m r j - LJ - 

and 

Cj = {0 < c < m riJ : {c} Pt < 2ML 2 for all t G J}. 
For any JC {1, . . . , T r } with < | J\ < (2ML 2 ) 2 - 1 and c G Cj, let 

A/,c = { ] } (m rtJ d + c - s) : < d < K\ogx/m rt j}. 

0<s<2ML 2 -l 

Since 

log(Q( 2ML2 ) 2 ) = 4M 2 L 4 logQ « (logloga;) 1 ^ , 



we have m r j < q( 2Ml2 ) 2 < (\ogx)». Let z = (K\ogx)s. Applying Selberg's sieve 
method, we have 

\{u G Aj, c : (u,m*j) = 1}| < J^gl + ^ {d) \r d \, 

^ ' d\rn*j 
d<z 2 

where 
and 

2ML 2 



r d = \{u eA J)C : u = (mod - \Aj, c \ ]J 



P \d 



By Lemma [2.21 

i « ,2miy»" n f 1 - ^) s (2M , r i! n f 1 - £) 2Mia - 

p\ m j p\ m j 

Since |r d | < {2ML 2 )^ and w(d) < logo?/ log log d, we have 

« (2MLf ( ^ ) z 3 . 

d|m j 
d<z 2 

And noting that 2ML 2 < (log log log x) < (log log z) 1- ', we get (2ML 2 )° ( ^tfei^ ) < 2. 
Thus since < {2ML 2 f 2ML ^\ 



\H T \ «(2ML 2 )( 2ML2 ) 2 £ (2ML 2 ) 800Mi2 ^^ II f 1 - -) 

JC{l,...,T r } mr ' J p\m* ^ V ' 

0<|J|<(2ML 2 ) 2 -1 

T r v (2ML 2 ) 2 T r / 1 x 2A/L 2 



2ML 2 



(16ML 2 ) 8M2i4 (loglogQ) 4M2L4 r „ 
< n — T^Z ATloga;. 

(iogg) 2L 



□ 



Let 7i = Ure^^ 1 "- ^ n v i ew °f Lemma [2.51 

(16ML 2 ) 8 M2L4 (log logQ) 4A/2L4 

(logQ) 



\n\ ■ v±ui ^ j — Kl °Sx 



2K A L{32ML 2 ) 8M2L4 (log log log x) am2l4 log x 
~ (log log x) 2 ^) 1 ' ' ^' 3) 

Suppose that n G T, i.e., there exist 2 < a < K, 1 < j, \k\ < K and < h < Klogx 
such that u(nj + a' 1 A;) < L. We claim that h &7i. In fact, assume on the contrary that 
h (jL H. Then for any 1 < I < L, letting = (a,j, k, I), there exists 1\ C {1, . . . , T r; } with 
1 < |^| < 2ML 2 such that /i = — 1 (mod m r; j ; ). Recalling that n = b (mod 9 ri ,/J 
and g r!j / ( | a™ 1 ^ — 1, we have 

nj + a h A; = bj + a ,/,|-1 A; = (mod g rij/j ). 

It follows that 

+ a fe & = (mod ] [ q ri ,i t ), 

KKL 

and u>(nj + a ft fc) > L. 
Thus we get 

T Q IJ < n < (1 + K~ l )x : n = b (mod W), cu(nj + a h k) < L}. 

l<3,\k\<K 

hen 

2<a<K 

Notice that 

log \og((WK) 4ML2 ) < log(4ML 2 ) + 21oglogVT < (loglogx) 1 "! 

For fixed j, k, a, h, letting g = (Wj, bj + a h k), by Lemma [2.41 we have 

\{x < n < (1 + K~ v )x : n = 6 (mod W), uj(nj + < L}\ 

<\{(x - b)/W < n < ((1 + K~ l )x - b)/W : u(Wjn/g + + < £}| 

LC L ~ 2 QT^x/W) (log bg^2VjjO£l! W i/9 <f ZLK^C^xj (loglogx] 
- logCAT-^/W) <P(Wj/g) ~ 0(Wj)logx 

Therefore 



L-2 



0(^)iogx ai ^ p y 



p prime 

4K 8 L(32ML 2 ) 8M2L4 (loglogloga;) 4M2L4 logx LC^xQoglogx^- 2 

(loglogx) 2 ( 1 ~ e ) L 0(VT)logx 
4K 8 (32CM log log log x) 10m2l4 x 
W^(loglogx)( 1 - 2e ) L ' 
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where the last inequality follows from W/<ft(W) <C log log W. Noting that 

log((32CMlogloglogx) 10M2i4 ) < M 2 L A log log log log x < L(log log log x) 1 ^, 
we have 

(32CMlogloglogx) 10M2L4 

x-++oo (loglogx)( 1_2e ) L 

It follows that 

ITI < 



AKW 



provided that x is sufficiently large. 
Finally, 



\S\T\ = \S\ - \T\ > - 1 - -J— > x 1 - 



2 



KW AKW 
i.e., 

{1 < n < x : u(nj + a h k) > L for all 2 < a < K, 1 < j, |ifc| < X, < /i < fsfloga;} 
has at least elements for sufficiently large x. 

Remark. Since Turan had proved that u(n) = (l + o(l)) log log n for almost all integers n, 
we believe that the result of Theorem 11.11 is far from satisfaction. We have the following 
conjecture. 

Conjecture 1. For any given large K > 0, small e > and sufficiently large (only 
depending on K and e) x, there exist at least x 1 ^ 6 integers n G [x, (1 + K~ 1 )x] such that 
io{nj ± a h k) > (log log re) 1-6 for all 2 < a < K , 1 < j, k < K and < h < Klogx. 
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